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Free Vibrations of Freély Supported Oval Cylinders
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Donarp E. Boypt
Oklahoma State University, Stillwater, Okla.

A study was made of the free vibration frequencies and mode shapes for freely supported oval
cylindrical shells. Cross section curvatures were expressed in terms of a single eccentricity
parameter that allowed a wide range of doubly symmetric ovals to be studied. Kinematic
equations employing both the Love and the Donnell assumptions from thin shell theory were

used in this study and results of the two formulations were compared.

Little difference was

observed between the results obtained from the two theories for a wide range of shell configura-

tions.

Comparisons were also made between the results obtained from this study and those

from two previous approximate analyses. It was found that one of the approximate analyses
(a Rayleigh-Ritz technique) was quite accurate for all ranges of eccentricities studied. The
other approximate analysis (a perturbation technique) was found to be reliable for ovals with

eccentricities in the range (—0.5 < € < 0.5).
eccentricity of oval cross sections.
nificantly with increasing eccentricities.

A study was also made to determine the effects of
The frequencies and mode shapes were found to vary sig-
Irregularities in the frequency vs wave-number

curves and a localized “cupping” in the region near the minimum frequency were observed.
In-plane inertias were retained yielding the expected three frequencies for each combination of

longitudinal and circumferential wave numbers.

However, unlike the unstiffened circular

cylinder, more than one set of three natural frequencies and associated mode shapes were

found for some conibinations of longitudinal and circumferential wave numbers.

However,

although the wave numbers (i.e., number of crossings) were the same in these cases, the wave

shapes were obviously different.

Nomenclature

2a,2b
Amn,an,Cmn

€2,€5,€z5

minor and major axes of shell, respectively

displacement constants

axial, circumferential, and shear strain com-
ponents, respectively

Young’s modulus

shell thickness

number of terms in circumferential direction for
convergence

1, for Love’s equations; = 0, for Donnell’s equa-
tions

circumferential and longitudinal length of the
shell, respectively

indices on displacement summation

number of full circumferential waves

radius of curvature

mean radius of curvature, Ly/2x

time

orthogonal displacements

spatial coordinates

frequency matrix

1+ w)/2

Ls/L

(1 - u)/2

Kronecker delta

eccentricity parameter (le] < 1)

nondimensional z coordinate, z/L,

circular frequency of a noncircular cylindrical
shell '

Poisson’s ratio

nondimensional s coordinate, /L
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Introduction

HIS paper reports on a study of the free vibration char-
acteristics of freely supported oval cylinders. In the
past years, cylindrical shells having circular cross sections
have been studied very thoroughly. But many times an engi-
neer may be called upon to design nonecircular cylindrical
shells. Cylindrical shells having noncircular cross sections
have been used in many industrial applications; for example,
in submersible and flight structures. In addition, shells de-
signed to be circular often deviate measurably from perfect
circularity once they are fabricated. This study is important
beeause out-of-roundness may adversely affect the natural
frequencies and mode shapes. Also, investigations of the
free-vibration characteristics of the oval shell are necessary if
the forced vibrations of oval eylindrical shells are to be stud-
ied. .
For the discussions to follow, reference should be to the
geometry and nomenclature of Fig. 1. The quantities ap-

1

Fig. 1 Geometry of the oval shell.
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pearing in Fig. 1 are defined as follows: s, z, and 2z are the
orthogonal coordinates; », u, and w are the corresponding
displacement components; r is the variable radius of curva-
ture; h is the shell thickness; L. is the length of the cylindri-
cal shell in the z direction; L; (not shown) is the circum-
ferential arc length of the cylindrical shell measured along the
middle surface in the s direction; and 2b and 2a are the
lengths of the major and minor axes of the oval cylindrical
shell, respectively.

Kempner and his associates,’? in considering static prob-
lems assumed a simplified, one-parameter, version of Mar-
guerre’s? Fourier series representation of the cylinder curva-
ture. This eurvature expression, which represents a doubly
symmetric oval and approximates an ellipse having the same
major-to-minor axis ratio as the oval is given as

1/r = (1/r)[1 + € cosdirs/L,] 1

where € is an eccentricity parameter and 7, is a perimeter
parameter. It wasshown in Ref. 1 that as e varies from 0 to 1
the major-to-minor axis ratio ranges from 1 to 2.06. Further-
more, to prevent negative curvatures, e must obey the in-
equahty |l 1. The parameter ro is the radius of a eircular

cylinder having a circumference equal to the perimeter of the.

oval. Thus, ro = L/2m.
presented in Ref. 1.

Klosner,®%¢ using the curvature expression given by Kemp-
ner [i.e., BEq. (1)], studied the free and forced vibrations of an
infinitely long oval cylindrical shell. Using equations of mo-
tion equivalent in accuracy to the Love equations for circular
cylinders, Klosner assumed a frequency perturbation poly-
nomial in the eccentricity parameter e to obtain the natural
frequencies and mode shapes. This procedure uncoupled
the three partial differential equations of motion. The ex-
pression for the nondimensional frequency of a noncircular
cylindrical shell was given as

P2 = Py 4 Cue + Cone® + . (2)

The full geometry of the oval is

where 7 = circumferential wave numbers; ! = nondimen-
sionalized length of the longitudinal half-wave; P.;; = nondi-
mensional frequency of an oval with eccentricity; P, =
nondimensional frequency of a cireular cylindrical shell of
radius 7o {ie., Pa = [(n?0)(1 — w)pa/E1V2}; Cpa =
coefficient of e,—term of the nondimensional perturbed fre-
quency of the lth mode; and p;; = natural frequency of a
circular eylindrical shell of radius 7.

Klosner found that terms higher than the third term on the
right side of Eq. (2) were insignificant for |¢| < 0.5. Further-
more the assumed series for the frequency led to the results
that C1;i = 0. Therefore, frequencies for positive and nega-
tive € were identical. The present study concluded that this
approach will not yield all the free vibrational modes. This
will be discussed in the sections to follow.

Theory

This development is limited to homogeneous, isotropic,
elastic, thin-walled, cylindrical shells. The cross section of
the shell is identified by a convex-outward, closed, plane
curve resulting from the intersection of the middle surface and
a plane normal to the axis of the cylinder. The sides of the
shell are assumed to be at distances z = =+=h/2 from the middle
surface, where 2 is measured along the normal to this surface
and /4 is the thickness of the shell. The thickness is con-
sidered small in comparison with the longitudinal length L.
and the radius of eurvature r of the middle surface.

The relations are based upon the usual Kirchhoff-Love as-
sumptions of classical shell theory,*” The strain-displace-
ment relations used are those commonly referred to as Love’s
and Donnell’s equations and were employed by Romano and
Kempner®? in analyses of noncircular cylinders. Compari-
sons will be made between the results obtained by these two
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simplifying theories. The differential equations of equi-
librium follow from the application of Hamilton’s principle,
Ref. 7, to the freely vibrating thin cylindrical shell.

Employing Love’s strain-displacement relations, Hamil-
ton’s principle yields

(1 —p a-u o
u$¢+ 2 ss+ 2 £S+ wL
]__
(—E,M)puu=0 (32)
1— 1
(_Eﬁ)vx::‘l‘ ss+( +“) xa+(%) +
» <1—M>m_wm_w (2} =
12[ 2 72 r r + T(T)ss:]
1_ 2
Lﬁﬁlpm,=0 (3b)

1w b? R v,
2 Ty — = _
r [T . W{I 12V 12[( r )

(7). ]+ 1527 0 0

r

If the simplifying assumptions originally suggested by Don~
nell® are introduced, the equations of motion become

I el )Y s ) I BV
2 2 r
—_ 2
(]-—‘E-QPU¢L=O (4:34)
— 1
(1 2“) x:c+ ss+( +#) r:+<£> -
T s
—_ 2
&E‘“)pvﬁo (4b)
1 h? 1~ p?
7[%+vs+nuz]+ﬁv4w+(—f—)pwu=0

(4c)
where subscripts indicate differentiation.

Because the Love and Donnell equations differ only by a
few terms, only the Love equations will be used in the follow-
ing discussion of the formulation. Equations (3) can be re-
written in nondimensionalized form using the following di-
mensionless quantities:

7]=x/Lx, E=S/Ls, o = (1+.U')/2}

(5)
= (1 - p)/2
1 Y
L_guﬂn‘i’L u55+ ”nf“‘
1 —_ 2
(*"‘EL) punw =0 (6a)
14 ¥ w el v
‘Eff‘i‘j;}vnn"'LL Ung + < )+_2|:]]—22—1-20’7"—-
l 1 1 v
FLL, P T W t 2( )EE] B
(1—;& v =0 (6b)
Ifw % p j-4_h2[1<vnn>*
rl:r+Ls+Lxu":|+12vw 3
1 fv 1 — u?
FOM L SRR
where
= 2 w
Ty — U}:mzn oL L EEEE
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The curvature expression for a doubly-symmetric oval
given by Romano and Kempner! can be expressed nondimen-
sionally as

L,/r = 2w[1 + € cos(dmf)] 7)
For this particular problem, diplacements are assumed

which satisfy the freely supported boundary conditions along
the two edges n = 0,1. These conditions are

Uy, =0, v=0, w=0, wy,=0 (8)

Congidering these boundary conditions, the symmetric dis-
placements u, v, and w may be expressed nondimensionally by
the following series:

u(n, &) = Z Z A .., cosmmn cosnTé cosAE
m=1 n=
v(n,Et) = Z Z B, sinmmn sinnwf cosht (9)
m=1 n=0,2
wlngt) = 2, D, Cuusinmay cosnmé cosht

m=1 n=0,2

For antisymmetric displacements the sine and cosine fune-
tions in the £ direction are replaced by the cosine and sine
functions, respectively.

Following the procedure of Refs. 1 and 2, the assumed dis-
placements and the radius of curvature may be substituted
into Love’s equations to obtain three sets of coupled algebraic
equations. Making this substitution and simplifying, three
symmetric displacement formulas for each m and n can be
written as follows:

[B'm? + vy(2n — 2)? — w?]An, +
[—afm@n — 2)]Bnn + [—Bume + &) ]Crn-s +

[—Bum @2 + €6:,")|Cmn + [—BumelCrnsz = 0 (10)

hir?

12L,%

Apn[—afm@n — 2)] + B,,m_L,[ eX(1 — &) X

hir
202 — 6)2 )
ey + (0 = 609 |+ Bun L[ 2

{(27?, — )2 g 1 — &) + % @n — 6)2(1 — g o) +
2
m262'y<e(1 — &) — = a4n>]] + Bun [(2n — 2+
vBm? + Lz Y 2<(2" — 2)2 (1 — ed") +
2
S+ 2M = 6 + 5 2n - 62+ ymep( +
2
52* — €0y — —- 53")> - w2 + Bounys L l:ger X
<(2n —2)2 5 (1 — 5 &) 4+ 2n + 2)L +
mity (€ — S 5,m) +B L [h & (mty +
4 Sk FTYX:
@n + 2)?)] + Crnea [<2n — 2)e(l + &%) + L. 12L . X
€(2n — 6) (B2m? +(2n — 6)2)] + Cpa X

hr €
[(2n—2)(2+e6))+L 6L2(n~2)(1 - 5 &) X
(Bm* + (2n — 2)2)} + Crunso [(Qn — e+ L, 1}’2’;2 X

€(2n + 2) (8'm? + (2n + 2)'2>] =0 (11)
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Apn—z[—pmBe(l + &M] + Ana[—pmB2 + 7)) +
Amn+2[_ﬂmﬁe] + an~2 [f(2n - 6)(1 + 63"’) +

hor?
L. 12}:2 (I — 8&™)e@n — 2) (B2m? — (2n — 2)2>] +

[(Zn — 2)@2 + &) + L. 6L S @n — 20 - 50 X

himw?

AR

<m2ﬁ2 - (2n - 2)2>] + an+2 [6(2n + 2) + L
e@n — 2) (m2Bz — (2n — 2)2>:| + Crnta (1 + &) ] +

Crnn—zle(4 + 46" 4 €64)] + Coun [(4 -+ 2€? + 2 +

4edym) 12L ; (Bw + @2n - 20 — w ] +
Crints [6(4 + €827)] + Crnrale?] = 0 (12)
where
s Jli=7
8 = {Oi oy

Am—n = 0, Bm*n = 0; Cm—n =0
m=123,...;n=123, ...

n>0

)

These equations cannot be solved explicitly for Amn, Bua,
(... because noncircularity has coupled an infinite number of
equations in the £ direction. In order to obtain a solution,
the number of equations must be truncated at some n (say k)
which will insure convergence to the desired accuracy. Be-
cause of the large number of equations involved, the use of a
computer is essential to solve the 3k simultaneous equations
obtained for each value of m. These equations ean be written
in the following matrix form:

[Recurrence Formula 10 A

= [0] (13)

Recurrence Formula 12| [ (.

1
|

; i
L ' aL

A
[X]|:B:l = {0]
C

Equation (13) requires that
(X1 — w2ll]] = 0 (14)

where [X] = [X] with the w? terms removed, and {I] =
identity matrix. The squares of the nondimensionalized
natural frequencies are those values of w2 which satisfy Eq.
(14).

The subroutine called EIGENP (see Ref. 9), modified to
double precision, was used to calculate the eigenvalues (w?) of
Eq. (14) and their corresponding eigenvectors. The eigen-
veetors were then used in Egs. (9) to calculate normalized

That is,
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Table 1 Nondimensional frequencies for symmetric and

antisymmetric cases (¢ = 0.50); L./L; = 2=, h/L, =
1/(2+-91.7), m = 1

e =050 = —050
e = 0.50 e = —0.50 Anti- Anti-

7l Symmetric ~ Symmetric  symmetric symmetric
0 1.09797 1.09797 1.01268 1.01268
1 1.07067 0.74000 0.74000 1.07067
2 0.54898 0.54898 0.69257 0.69257
3 0.48080 0.42624 0.42624 0.48080
4 0.33789 0.33789 0.35395 0.35395
5 0.28024 0.27569 0.27569 0.28024
6 0.20638 0.20638 0.20810 0.20810
7 0.20817 0.20655 0.20655 0.20817
8 0.27003 0.27003 0.27152 0.27152
9 0.30965 0.30899 0.30899 0.30965
10 0.35630 0.35630 0.35735 0.35735
11 0.41696 0.41696 0.41€96 0.41696
12 0.48658 0.48658 0.48658 0.48658
13 0.56371 0.56371 0.56371 0.56371
14 0.64779 0.64779 0.64779

0.64779

displacements. All displacements were calculated at the
point of maximum displacement along the axis of the shell.

The number of points around the circumference at which
the displacements were calculated was 3k — 2. This was
sufficient to insure that all sign changes in displacements
would be obtained. Symmetry of the cross section allowed
displacements to be calculated for only half the circum-
ferentiallength.

In order to identify frequencies with mode shapes, the
number of times that the displacement changed sign in half
the circumferential length was counted (i.e., the number of
full waves) and this was then taken to be the value of 1. As
the eccentricity became higher this technique had to be
abandoned as will be later explained.

Numerical Results

Circular shells were studied and the frequencies and mode
shapes obtained for each combination of longitudinal and

Table 2 Comparison of natural frequencies obtained by
Sewall and by the authors

Case l; ¢ = b = 12in.

m 7 Sewall Authors
3 529.8 529.9
1 7 162.2 163.5
10 221.3 223.3
4 968.4 968.5
2 10 325.7 327.1
12 361.0 362.9
Case 2; ¢ = 12.951in., b = 11.01 in.
Symmetric Antisymmetric
m 7 Sewall . Authors Sewall Authors
3 524.1 522.0 524.2 526.3
1 7 157.1 157.8 157.0 157.8
10 221.9 223.9 221.9 223.9
4 956.5 954.8 956.7 957.9
2 10 310.6 310.4 310.6 310.4
12 359.4 363.2 359.4 363.2
Case 3; @ = 14.3%in., b = 9.35in.
3 491.2 459.7 492 .4 521.5
1 T 138.5 129.6 138.5 131.3
10 223.9 227.0 223.9 227.1
4 886.1 828.2 893.0 929.4
10 268.1 245.7 268.1 246.7
2 328.2 336.1
‘ 12 382.3 391.7 328.2 337.8
382.3 393.3
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Fig. 2 Nondimensional frequency (&) vs eccentricity
(n = 2, m = 1) Klosner and the authors.

circumferential wave numbers compared favorably with
previously known results. Having established good results
for known circular shells, noncircular (oval) shells were then
studied.

Because in-plane inertias were retained in this study, three
natural frequencies were associated with each combination of
longitudinal and circumferential wave number. Usually,
however, the “first-frequency” (i.e., the lowest of the three
found for each combination of wave numbers) is of most inter-
est to designers. Therefore, most of the results of this study
pertain to the first frequencies and their associated mode
shapes.

A computer program was written to facilitate the solution of
frequency equations derived by Klosner.! First frequencies
obtained from this program and the authors’ results using
Love’s equations were compared at the lowest first frequency
form = 1 and the following parameters:

L,/L, = 2m, h/L, = 0.0017356, p = 0.30

For the accuracy desired, convergence was obtained with k =

10 T T T T T T T T T T
& AUTHORS
© KLOSNER
m =1

€ =0.20

=27

osl Bz 30 1

Ls
Ly
LU .

s {7{(2m917)

06

0.2 -1

L ] 1 L 1 i I 1 1

[¢] 2 4 6 8 10

Fig. 3 Nondimensional frequency (&) vs mode number it
(e = 0.20) Klosner and the authors.
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Fig. 4 Typical
(n = 2) doubly
symmetriec mode
shapes for + e

+€ .

21 (i.e., with 21 terms in the circumferential direction). Very
good comparisons with Klosner’s perturbation technique of
calculated frequencies were observed for values of € where that
technique is valid, as is illustrated by Fig. 2. Figure 3 com-
pares the variation of the frequency with mode number 7 for
modes symmetric about the vertical axis (axis 1-1 in Fig. 1)
andfore = 0.2.

Table 1 shows that for symmetric displacements with 7 =
2,4,6,8,. . ., identical frequencies were found for e. Also,
for antisymmetric displacements with # = 2,4,6,8. .. identi-
cal frequencies were found for &=e. However, frequencies
obtained for symmetric displacements with 2 = 1,3,5,7. ..
and negative ¢ were identical to the frequencies obtained for
antisymmetric displacements with # = 1,3,5,7 and positive e.

An explanation of these observations isin order. Changing
the sign of € corresponds to a rigid body rotation of the oval
through 90°. As illustrated by Fig. 4, the doubly symmetric
mode shapes are identical for +e. However, mode shapes
which are symmetric about the vertical axes and antisym-
metric about the horizontal axes (i.e., singly symmetric) do
not possess identical natural frequencies for %e and identical
wave numbers 7. This is explained by considering a typical
singly symmetric mode (Fig. 5) for =¢. Although the wave
number (7) is the same for +e, the displaced configurations
(hence, the natural frequencies) are not identical. It is
therefore necessary to include both symmetric and anti-
symmetric displacement functions in a parametric investiga-
tion limited to 0 < e < 1.

Sewall®® studied both theoretically and experimentally the
natural frequencies of freely supported elliptical shells using a
Rayleigh-Ritz technique and numerical integration of the
associated energy integrals. Table 2 compares natural fre-
quencies calculated for a 6061 aluminum cylinder having the
following characteristics:

L,=754in. L,=240in. h=0.032in.
E=10psi p =030 p= 2588104 Ib-sec?/in.*

Three different cross section shapes were studied—case 1:
a="b=12in. (¢ = 0.0); case2: a = 12.95in.,b = 11.01in.
(e = —0.24236); case 3: a = 14.39in.,b = 9.35in. (¢ =
—0.62706).

Good comparisons were observed between the results of the
elliptical and oval shells for case 1 (¢ = 0.0); the greatest
deviation being 0.9%. For case 2 (e = —0.24236) the fre-
quencies obtained for the oval cross-section deviate from
—04% to +0.8% from those of the ellipse. For case 3
(e = —0.62806) the frequencies obtained for the oval deviate
from —9.19% to +5.9%. Errors increase as the eccen-
tricity increases because the oval deviates more from the
ellipse as e increases. But the results are good, considering

Fig. 5 Typical
(n = 3) singly
symmetric mode
shapes for L e

ve -€
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w
© 00 0.25 050
3
~1.ook
1.25¢ €:0.7
w
o} + + +
00 0.25 050
3
-l2st
1751 €:1.0

[\0.25

LN e AL
W

-1.75-

Fig. 6 Mode shapes (n = 6, m = 3).

that Sewall used an elliptical cylinder whereas the authors
used an approximating oval cylinder.

It should be noted in Table 2 that for case 8, m = 2, there
are two first-frequencies for # = 10 in the symmetric case, and
two for # = 12 in the antisymmetric case. Coupling of terms
in the displacement series results in modes which represent a
superposition of all terms. Furthermore, there may develop
two (or more) modes which have the same number of cross-
ings (i.e., full waves) around the circumference. In general,
these modes correspond to different first frequencies. There-
fore, the conventional manner of describing modes by the
number of crossings was judged to be no longer adequate.
The authors have adopted the method of tracing the calcu-
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lated modes through a range of € from 0 to 1, and referring to
the mode by the number of crossings which that mode pos-
sessed for e = 0. This number would identify the wave re-
gardless of the number of crossings it may acquire for higher
e. TFigures 6 and 7 illustrate the development of wrinkles and
subsequent crossings as e is increased from zero. This method
of identifying modes has the advantage of unique definition
of each mode.

A detailed study was made of oval shells having constant
longitudinal and cireumferential lengths and thicknesses.
This study was restricted to a thorough investigation of the
symmetric modes for only positive values of the eccentricity
parameter e. The restriction was made because of com-
puter time. Love’s equations were used in this study. The
eccentricity parameter (¢) was varied from 0 to 1, the longi-
tudinal mode m from 1 to 4, and the circumferential mode 7

108 €:00
.
w
025 .
°lo 0.50
3
-rLo7t
1481 €=0.7
w
025 N

oo \/ \/ 050
3

-2.56"-
0.25¢ €-10
o N\ . AN .
0.0 0.25 050
3
w
-2.37-

Fig. 7 Mode shapes (n = 14, m = 4).
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Lg= 754"
HlLy= 240" .
R = 0032"
Aoz 12
o N 1 1 1 1 1 1 1 1
§ o2 54 o6 58 e

€

Fig. 8 Nondimensional frequency (@) vs eccentricity (n =
12).

from 0 to 12 and 16. (7 varied between 12 and 16 in order to
include the lowest frequency and a few of the higher fre-
quencies near this lowest value of w.) It was desired to use
higher values of m, but due to computer space and time limi-
tations, m = 4 was the largest feasible value. For the ac-
curacy desired, adequate convergence for m = 1. to 3 was at-
tained with &£ = 25; form = 4,k = 27.

Figure 8 shows the frequency (@) variation with eccentricity
€ and mode number m for one value of 7 (7 = 12). Contrary
to cireular eylinder behavior, as the value of m increases the
frequencies (@) decrease (for higher ¢).

The frequency (@) variation with the mode numbers 7 and
m is shown for e = 0.5in Fig. 9. As the value of eccentricity
(e) increases, the curves become more irregular. This ir-
regularity can be partially attributed to the symmetric forms
being studied. If the value of €isless than zero (in which case
the modes are all symmetric about axis 2-2 in Fig. 1, instead
of axis 1-1), most of this irregularity is erased. For small 7,

€=+062706

Lg = 75.4"

Ly =240"

h = 0032"
m=2

lel = 62702

€=-062706

06}

04r

0.2+

Ob—r S U S SR SR

Fig. 9 Symmetric nondimensional frequency (@) vs mode
number n (¢ = 0.50).



1480

L. D. CULBERSON AND D. E. BOYD

ATAA JOURNAL

Table 3 Comparison of the nondimensional frequencies (@) obtained by the Love and Donnell equations;
m = 3,¢ = 1.0, h = 0.032 in., L, = 75.4 in.

8 3.14 1.0 0.20 0.10
i Love Donnell Love Donnell Love Donnell Love Donnell
0 1.50920 1.50921 0.88741 0.88741 0.17748 0.17748 0.08874 0.08874
1 1.50824 1.50824 0.67817 0.67817 0.06392 0.06390 0.01749 0.01741
2 0.74333 0.74336 0.22727 0.22727 0.00658 G.00656 0.00338 0.00326
3 0.74095 0.74098 0.18082 0.18083 0.00961 0.00954 0.00674 0.00660
4 0.42602 0.42607 0.09001 0.09002 0.01696 0.01686 0.01205 0.01193
5 0.42253 0.42259 0.08053 0.08054 0.01958 0.01951 0.01875 0.01871
6 0.28144 0.28154 0.01850 0.01850 0.02742 0.02738 0.02718 0.02714
7 0.27809 0.27820 0.03218 0.03219 0.03729 0.03726 0.03717 0.03714
8 0.23937 0.23946 0.05838 0.05838 0.04880 0.04877 0.04872 0.04869
9 0.22370 0.22378 0.06950 0.06951 0.06186 0.06185 0.06180 0.06178
10 0.16828 0.16830 0.08197 0.08197 0.07648 0.07647 0.07642 0.07641
11 0.07261 0.07262 0.09709 0.09710 0.09264 0.09263 0.09259 0.09258
12 0.04204 0.04204 0.11355 0.11356 0.11035 0.11034 0.11029 0.11028
13 0.14033 0.14034 0.13218 0.13218 0.12959 0.12958 0.12954 0.12953
14 0.11674 0.11674 0.15261 0.15262 0.15037 0.15036 0.15032 0.15031
15 0.18779 0.18782 0.17473 0.17474 0.17270 0.17269 0.17264 0.17264

the odd mode-number frequencies are lower for —e than for
+e¢, but converge to the same value as 7 increases. Also, in
the region surrounding the lowest frequency a “cupping’’
effect is encountered. This local effect becomes more ap-
parent as the eccentricity increases. _

To compare the Love and Donnell equations, frequencies
were obtained by both sets of equations for a range from a
relatively short shell (8 = 3.14) to a relatively long shell (8 =
0.10). .

Asis evident from Table 3, the Love and Donnell equations
give almost identical results for this range of shell parameters.
The Donnell equations provided slightly higher frequencies
for shorter shells and slightly lower frequencies for longer
shells. Because it was not the specific objective of this study
to compare frequencies obtained by the Love and Donnell
equations, the ratio L,/L., was the only parameter varied.
However, these results seem to indicate that the Donnell
equations are comparatively accurate.

Conclusions

A method has been presented to determine the natural fre-
quencies and mode shapes of freely supported doubly sym-
metric oval cylindrical shells. Oval shells were investigated
and the following observations were made.

1) Frequencies obtained for oval cylinders with low ec-
centricities compared favorably with results obtained by
Sewall® for ellipses with corresponding ratios of b/a. As the
eccentricity increased, the results were less favorable. For a
deviation of no more than 109, the maximum allowable
value of eccentricity is about 0.65.

2) Frequencies obtained in this study compared favorably
with those obtained by the perturbation technique of Klosner
in the range where that technique is valid (e < 0.5).

3) As the longitudinal modes (m) were increased, the num-
ber of circumferential terms (k) had to be increased to obtain
accurate frequencies and mode shapes. To obtain a mini-
mum acecuracy of three significant numbers for the normalized
displacements, k was taken to be 25 for values of m < 3, and
27 for m = 4.

4) For higher 7, as the eccentricity increased it was found
that the frequencies for increasing values of m decreased to a
point, then increased.

5) As the eccentricity increased, curves of frequency vs 2
became highly irregular. This was partially due to the sym-

metric forms (axis 1-1 in Fig. 1) studied. Frequencies ob-
tained for modes symmetric about axis 2-2 in Fig. 1 erased the
greater percentage of this irregularity.

6) Identical frequencies were obtained for e for even
values of 7. Different frequencies were obtained for =€ for
odd values of 7. However, as # increased, the two values
converged.

7) As the eccentricity increased, the mode shapes varied
significantly from those of the circular cases. This was inter-
preted physically as being due to localized bending in the
flatter regions of the oval cylinders; mathematically, to
coupling of terms in the solution functions.

8) The Love and Donnell equations gave nearly identical

results for noncircular cylinders for the range of shell param-
eters studied.
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